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discrete Lotka-Volterra) 2 $dLV$
[9]. $dLV$ mdLVs (modified $dLV$ with shift)
[10]. $dLV$
(dhLV:discrete hungry Lotka-Volterra)
$\{\begin{array}{l}u_{j}^{(n+1)}=u_{j}^{(n)}\prod_{p=1}^{M}\frac{1+\delta^{(n)}u_{j+p}^{(n)}}{1+\delta(n+1)_{u_{j-p}^{(n+1)}}}, j=1,2, \ldots, M_{m},u_{-M}^{(n)}\equiv 0, u_{-M+1}^{(n)}\equiv 0, \ldots, u_{0}^{(n)}\equiv 0, u_{M_{m}}^{(n)}\equiv 0, u_{M_{m}+1}^{(n)}\equiv 0, \ldots, u_{M_{m}+M}^{(n)}\equiv 0\end{array}$ (1)
$dhLV$ [2].
3 $dhLV$ LAPACK
[4]. Totally Nonnegative (TN)




(dhToda: discrete hungry Toda)
$\{\begin{array}{l}Q_{j}^{(n+M)}=Q_{j}^{(n)}+E_{j}^{(n)}-E_{j-1}^{(n+1)}, j=1,2, \ldots, m,E_{j}^{(n+1)}=\frac{Q_{j+1}^{(n)}E_{j}^{(n)}}{Q_{j}^{(n+M)}}, \dot{\gamma}=1,2, \ldots, m-1,E_{0}^{(n)}\equiv 0, E_{m}^{(n)}\equiv 0\end{array}$ (2)
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[12]. (2) dhToda TN
[5]. multiple dqd
$dhLV$ dhToda TN multiple
dqd 2 $L_{i}$ 2 $A_{m_{L},m_{R}}=$
$L_{1}L_{2}\cdots L_{m_{L}}R_{1}R_{2}\cdots R_{m_{R}}$ TN $dhLV$ dhToda

















$D_{1}^{(n)}:=Q_{1}^{(n)}$ , $D_{j}^{(n)}:=Q_{j}^{(n)}-E_{j-1}^{(n+1)}$ , $j=2,3,$ $\ldots,$ $m$ (3)
(2)
$\{\begin{array}{l}Q_{j}^{(n+M)}=E_{j}^{(n)}+D_{j}^{(n)}, j=1,2, \ldots, m,E_{j}^{(n+1)}=\frac{Q_{j+1}^{(n)}}{Q_{j}^{(n+M)}}E_{j}^{(n)}, j=1,2, \ldots, m-1,D_{1}^{(n)}=Q_{1}^{(n)}, D_{j+1}^{(n)}=\frac{Q_{j+1}^{(n)}}{Q_{j}^{(n+M)}}D_{j}^{(n)}, j=2,3, \ldots, m-1.\end{array}$ (4)
$Q_{j}^{(0)}>0,$ $E_{j}^{(0)}>0$ $Q_{j}^{(n)}>0,$ $E_{j}^{(n)}>0,$ $n=1,2,$ $\ldots$ (4)
2
$narrow\infty$ $Q_{j}^{(n)},$ $E_{j}^{(n)}$
$\lim_{narrow\infty}\prod_{p=0}^{M-1}Q_{j}^{(n-p)}=\lambda_{j}$ , $j=1,2,$ $\ldots,$ $m$ , (5)
$\lim_{narrow\infty}E_{j}^{(n)}=0$ , $j=1,2,$ $\ldots,$ $m-1$ (6)
$\lambda_{1},$ $\lambda_{2},$
$\ldots,$





$E_{m-1}^{(n)}$ 2 $L^{(n)}$ 2 $R^{(n)}$
$L^{(n)};=(\begin{array}{llll}Q_{1}^{(n)} l Q_{2}^{(n)} \ddots . 1 Q_{m}^{(n)}\end{array})$ , $R^{(n)};=(\begin{array}{llll}1 E_{!}^{(n)} 1 \ddots \ddots E_{m-1}^{(n)} 1\end{array})$ (7)
(2)
$L^{(n+k+M)}R^{(n+k+1)}=R^{(n+K)}L^{(n+k)}$ , $k=0,1,$ $\ldots,$ $M-1$ (8)
(8) (2)
$A^{(n)}$ $:=L^{(n)}L^{(n+1)}\cdots L^{(n+M-1)}R^{(n)}$ $A^{(n)}$ $M$ , 1 Hessenberg
$Q_{j}^{(n)}>0,$ $E_{j}^{(n)}>0$ 2 $L^{(n)}$ 2 $R^{(n)}$ TN







(9) (2) $narrow n+M$ $A^{(n)}$ $A^{(n+M)}$
dhToda 1 (5), (6)

















(9) $A^{(n)}$ $A^{(n+M)}$ dhToda 1 $LR$
$A^{(n)}=\mathcal{L}^{(n)}R^{(n)}$ , $R^{(n)}\mathcal{L}^{(n)}=A^{(n+M)}$ , (10)
$\mathcal{L}^{(n)}:=L^{(n)}L^{(n+1)}\cdots L^{(n+M-1)}$
$LR$ (10)
$A^{(n)}-s^{(n)}I=\overline{\mathcal{L}}^{(n)}R^{(n,0)}$ , $A^{(n+M)}=R^{(n,0)}\overline{\mathcal{L}}^{(n)}+s^{(n)}I$. (11)
$s^{(n)}$ $I$ $A^{(n)}-s^{(n)}I$ $M$ 3 $\overline{\mathcal{L}}^{(n)}$
1 2 $R^{(n,0)}$ 1
2 $R^{(n,1)},$ $R^{(n,2)},$ $\ldots,$ $R^{(n,M)}$
$L^{(n+M+k)}R^{(n,k+1)}=R^{(n,k)}L^{(n+k)}$ , $k=0,1,$ $\ldots,$ $M-1$ , (12)
$R^{(n,M)}R^{(n)}=R^{(n+M)}R^{(n,0)}$ (13)







(14) $LR$ (12) $RR$ (13) $A^{(n)}$ $A^{(n+M)}$
dhToda 1 2 $R^{(n,k)}$
$E^{(n,k)}$ (12)
$Q_{j}^{(n+M+k)}=Q_{j}^{(n+k)}+E_{j}^{(n,k)}-E_{j-1}^{(n,k+1)}$ , $k=0,1,$ $\ldots,$ $M-1$ , (15)
$E_{j}^{(n,k+1)}= \frac{Q_{j+1}^{(n+k)}}{Q_{j}^{(n+M+k)}}E_{j}^{(n,k)}$ , $k=0,1,$ $\ldots,$ $M-1$ (16)
(13)
$E_{j}^{(n+M)}=E_{j}^{(n)}+E_{j}^{(n,M)}-E_{j}^{(n,0)}$ , $j=1,2,$ $\ldots,$ $m-1$ , (17)
$E_{j+1}^{(n,0)}= \frac{E_{j+1}^{(n)}}{E_{j}^{(n+M)}}E_{j}^{(n,M)}$ , $j=1,2,$ $\ldots,$ $m-2$ (18)
4
(14) $A^{(n)}$ $A^{(n+M)}$ $A^{(n)}$ $R^{(n,0)}$ (1, 2) $E_{1}^{(n,0)}$
2 $R^{(n,0)}$
(11) (1, 1) (1, 2) $E_{1}^{(n,0)}$ $A^{(n)}$
$s^{(n)}$
$E_{1}^{(n,0)}= \frac{Q_{1}^{(n)}Q_{1}^{(n+1)}\cdots Q_{1}^{(n+M-1)}}{Q_{1}^{(n)}Q_{1}^{(n+1)}\cdots Q_{1}^{(n+M-1)}-s^{(n)}}E_{1}^{(n)}$ (19)
(19) $E_{1}^{(n,0)}$ (15), (16) $Q_{1}^{(n+M)},$ $E_{1}^{(n,1)}$ ,
$Q_{1}^{(n+M+1)},$ $E_{1}^{(n,2)},$ $Q_{1}^{(n+M+2)},$ $E_{1}^{(n,3)}$ , . . . , $Q_{1}^{(n+2M-1)},$ $E_{1}^{(n,M)}$ , (17), (18) $E_{1}^{(n+M)}$ ,
$E_{2}^{(n,0)}$ (15), (16) $Q_{2}^{(n+M)},$ $E_{2}^{(n,1)},$ $Q_{2}^{(n+M+1)},$ $E_{2}^{(n,2)},$ $Q_{2}^{(n+M+2)}$ ,
$E_{2}^{(n,3)},$
$\ldots,$
$Q_{2}^{(n+2M-1)},$ $E_{2}^{(n,M)}$ (17), (18) $E_{2}^{(n+M)},$ $E_{3}^{(n,0)}$ $E_{m-1}^{(n+M)},$ $Q_{m}^{(n+M)}$ ,
$Q_{m}^{(n+M+1)},$ $Q_{m}^{(n+M+2)},$
$\ldots,$
$Q_{m}^{(n+2M-2)},$ $Q_{m}^{(n+2M-1)}$ $L^{(n+M)},$ $L^{(n+M+1)},$
$\ldots,$
$L^{(n+2M-1)}$ ,
$R^{(n+M)}$ (15)$-(19)$ $A^{(n)}$ $A^{(n+M)}$
2 differential
[7]. $D_{j}^{(n)}$
$D_{1}^{(n+k)}:=Q_{1}^{(n+k)}$ , $k=0,1,$ $\ldots,$ $M-1$ ,
$D_{j}^{(n+k)}:=Q_{j}^{(n+k)}-E_{j-1}^{(n,k+1)}$ , $j=2,3,$ $\ldots,$ $m$ , $k=0,1,$ $\ldots,$ $M-1$ (20)
(15), (16) $D_{j}^{(n+k)}$ $D_{j+1}^{(n+k)}$
$D_{j+1}^{(n+k)}= \frac{Q_{j+1}^{(n+k)}}{Q_{j}^{(n+M+k)}}D_{j}^{(n+k)}$ , $j=1,2,$ $\ldots,$ $m-1$ , $k=0,1,$ $\ldots,$ $M-1$ (21)
(15) (21) $Q_{j}^{(n+M+k)}$
$Q_{j}^{(n+M+k)}=D_{j}^{(n+k)}+E_{j}^{(n,k)}$ , $j=1,2,$ $\ldots,$ $m$ , $k=0,1,$ $\ldots,$ $M-1$ (22)
(15), (16) (15), (21), (22) $LR$
$RR$ (17), (18)
$F_{1}^{(n)}=E_{1}^{(n)}-E_{1}^{(n,0)}$ , $F_{j}^{(n)}=E_{j}^{(n)}-E_{j}^{(n,0)}$ , $j=2,3,$ $\ldots,$ $m-1$ (23)
$F_{j+1}^{(n)}= \frac{E_{j+1}^{(n)}}{E_{j}^{(n+M)}}F_{j}^{(n)}$ ,
$E_{j}^{(n+M)}$
$j=1,2,$ $\ldots,$ $m-2$ (24)
$E_{j}^{(n+M)}=E_{j}^{(n,M)}+F_{j}^{(n)}$ , $j=1,2,$ $\ldots,$ $m-1$ (25)
5
Algorithm ldiffferenti 1 dhToda
1: for $n=0,$ $M,$ $2M,$ $\ldots,\ell_{m\infty}$ do
2: Choose $s^{(n)}$ such that $s^{(n)}<\lambda$
3: $E_{1}^{(n,0)}=E_{1}^{(n)}(Q_{1}^{(n)}Q_{1}^{(n+1)}\cdots Q_{1}^{n+M-1)})/(Q_{1}^{(n)}Q_{1}^{(n+1)}\cdots Q_{1}^{(n+M-1)}-s^{(n)})r$




8: for $j=1,2,$ $\ldots,$ $m-2$ do



















28: for $k=1,2,$ $\ldots,$ $m$ do
29: $\hat{\lambda}_{j}=Q_{j}^{(\ell_{\max})}Q_{j}^{(\ell_{\max}+1)}\cdots Q_{j}^{(\ell_{m\cdot x}+M-1)}$
30: end for
(17), (18) $RR$ (18), (23), (25)
diffferential dhToda
Algorithm 1
[6] $s^{(n)}$ $A^{(n)}$ dhToda






$L^{(n+k)},$ $R^{(n,k)}arrow^{\psi}L^{(n+M+k)},$ $R^{(n,k+1)}$ $R^{(n,M)},$ $R^{(n)},$
$E_{1}^{(n,0)}arrow^{\psi’}R^{(n+M)},$
$R^{(n,0)}$
$\psi_{1}\downarrow$ $\uparrow\psi_{2}$ $\psi_{1}’\downarrow$ $\uparrow\psi_{2}’$
$\sum(n+k),$ $\not\supset(n,k)arrow\dot{L}^{(n+M+k)},\dot{R}^{(n,k+1)}$ $\not\supset(n,M),$ $\not\supset(n),$ $\Xi_{1}^{(n,0)}arrow\dot{R}^{(n+M)},\dot{R}^{(n,0)}$
$\psi_{exact}$ $\psi_{exact}’$
1: $LR$ ( ) $RR$ ( )
dhToda 1
[11] $A^{(n+M)}$
2 $x,$ $y$ $fl(xoy),$ $\circ\in\{+, -, \cross, /\}$
$fl(x\circ y)=(xoy)(1+\eta_{1})$ (26)
$=(x\circ y)/(1+\eta_{2})$ (27)
$u$ $|\eta_{1}|,$ $|\eta_{2}|\leq u$
diffferential dhToda 2 1
1(Higham [8]) $i=1,2,$ $\ldots,$ $k$ $|\delta_{i}|\leq\delta\ll 1,$ $\rho_{i}=\pm 1$
$| \prod_{i=1}^{k}(1+\delta_{i})^{\rho_{i}}-1|\leq\frac{k\delta}{1-k\delta}$ . (28)
2 (Koev [11]) $i=1,2$ $|\delta_{i}|\leq m_{i}u/(1-m_{i}u)$
$|(1+ \delta_{1})(1+\delta_{2})-1|\leq\frac{(m_{1}+m_{2})\delta}{1-(m_{1}+m_{2})\delta}$ . (29)
3 (Koev [11]) 2 $B_{1},$ $B_{2},$ $\ldots,$ $B_{s}$ $A=B_{1}B_{2}\cdots B_{s}$
$x$ $B_{1},$ $B_{2},$
$\ldots,$
$B_{s}$ 1 $x$ $\hat{x}=x(1+\delta),$ $|\delta|\ll 1$
$A$ $\lambda_{1},$ $\lambda_{2},$
$\ldots,$
$\lambda_{m}$ $\lambda_{1}\geq\lambda_{2}\geq\cdots\geq\lambda_{m}$ , $\hat{\lambda}_{1},\hat{\lambda}_{2},$ $\ldots,\hat{\lambda}_{m}$ $\hat{\lambda}_{1}\geq\hat{\lambda}_{2}\geq\cdots\geq\hat{\lambda}_{m}$
$| \hat{\lambda}_{k}-\lambda_{k}|\leq\frac{2|\delta|}{1-2|\delta|}\lambda_{k}$ , $k=1,2,$ $\ldots,$ $m$ . (30)
3 $A^{(n)}$ $A^{(n+M)}$ diffferential dhToda




$LR$ $\psi$ : $Farrow F,$ $RR$ $\psi’$ : $Farrow F$ $\sum(n+k),$ $\not\supset(n,k)$ , (n$+$M $+$k),
$\dot{R}^{(n,k+1)}$ $LR$ $\psi_{exact}$ ,
$\grave\grave\grave\not\supset$ (n,M), $\not\supset(n),$ $\Xi_{1}^{(n,0)}$ , $\dot{R}^{(n+M)},\dot{R}^{(n,0)}$ $RR$
$\psi_{exact}’$ $L^{(n+k)},$ $R^{(n,k)}$ , $\sum(n+k),$ $\not\supset(n,k)$ $\psi_{1}$ ,
$\dot{L}^{(n+M+k)},\dot{R}^{(n,k+1)}$ , $L^{(n+M+k)},$ $R^{(n,k+1)}$ $\psi_{2}$
$LR$ $\psi=\psi_{2}0\psi_{exact}0\psi_{1}$ $\psi_{1}’,$ $\psi_{2}’$
$RR$ $\psi’=\psi_{2}’0\psi_{e}’$xact $0\psi_{1}’$
$\psi_{1},$ $\psi_{2}$ $\psi_{1}’,$ $\psi_{2}’$
4 $LR$ $L^{(n+k)},$ $R^{(n,k)}$ $L^{(n+M+k)},$ $R^{(n,k+1)}$
$\sum(n+k),$ $\not\supset(n,k)$ (n$+$M$+$k), $\dot{R}^{(n,k+1)}$ 2ulps, lulp
$2ulps$ , lulp
5 $RR$ $R^{(n,M)},$ $R^{(n)}$ $R^{(n+M)},$ $R^{(n,0)}$
$\not\supset(n,M),$ $\not\supset(n)$ $\dot{R}^{(n+M)},\dot{R}^{(n,0)}$ lulp, $2ulps$ $2ulps,$ $3ulps$
4, 5 1, 2 3 diffferential dhToda
1 $A^{(n)}$ $A^{(n+M)}$
6 $A^{(n)}=L^{(n)}L^{(n+1)}\cdots L^{(n+M-1)}R^{(n)}$ $\lambda_{1},$ $\lambda_{2},$ $\ldots,$ $\lambda_{m},$ $A^{(n+M)}=L^{(n+M)}L^{(n+M+1)}$





CPU: Intel Xeon 2. $27GHz$ , RAM: $6GB$ diffferential
dhToda Mathematica 8.0 $50\cross 50$
$A^{(0)}=L^{(0)}L^{(1)}\cdots L^{(4)}R^{(0)}$











$0$ 20 40 60 80 100
Iteration number $n$ $Eigen\backslash due$ mdex $k$
2: $E_{49}^{(n)}$ 3: $|\hat{\lambda}_{k}-\lambda_{k}|/\hat{\lambda}_{k}$ .
$n=0,1,$ $\ldots,$ $100$ $E_{49}^{(n)}$ 2
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